Abstract: Traditional cycloidal speed reducers (with two cycloid discs per one stage, mutually turned by an angle of 180°) are well known for their remarkable dynamic stability. This paper analyses dynamic behaviour of a two-stage cycloidal speed reducer of a new concept, in which only one cycloid disc is used for each stage in order to further enhance its compactness. Lagrange's displacement equations have been used to develop independent dynamic models for both the first and the second stage (six degrees of displacement freedom for the first stage, and eight degrees of displacement freedom for the second stage). A normal force acting at the contact of the cycloid disc teeth and the corresponding ring gear roller has been taken as an excitation force. For the newly designed two-stage cycloidal speed reducer, systems of differential displacement equations of the first and second stage have been solved using the Matlab -Simulink software package. A comprehensive analysis of the obtained diagrams of elastic dynamic contact forces of the first and second stage has revealed a certain analogy. In terms of dynamics, the cycloid disc of the second stage behaves similarly to the cycloid disc of the first stage. Since these cycloid discs are mutually turned by an angle of 180°, it can be concluded that from the aspect of the cycloid disc load, the two-stage cycloidal speed reducer of a new design concept exhibits good dynamic balance and stability.
INTRODUCTION
In analysis of dynamic behaviour of gear trains, external and internal dynamic loads should be differentiated based on the nature and origin of the load and angular velocities. The external dynamic loads include changes in torques, forces and angular velocities of the gears due to changes in the driving engine. The internal dynamic loads are the result of the mutual interaction of the meshing gears. Internal dynamic forces additionally load the gear elements and cause vibrations. These vibrations increase the excitation forces and thus increase the intensity of the total dynamic contact force.
Therefore, the force is both the cause and the consequence of vibrations.
Dynamic behaviour of gear trains has been studied in great detail and reported in the literature. A whole range of different dynamic models of gear trains with external and internal gearing has been defined with the aim to closely describe their basic parameters [1, 2] . A lot of experimental studies have also been performed [3] .
Cycloidal speed reducers belong to a new generation of mechanical gears. They are widely used in modern industry due to their good performances (reliable life-span, compact design, high efficiency, high gear ratio, etc) [4] [5] [6] [7] . Geometric and kinematic properties of cycloidal speed reducers have been described thoroughly in the literature [8] [9] [10] [11] [12] [13] [14] [15] . The stress-strain state of the elements of cycloidal speed reducers has also been analysed, as well as their efficiency [16, 17, 19] .
Since dynamic balance is of great importance for reliable and stable operation of a cycloidal speed reducer, a number of papers dealing with this subject have been published in recent years. Thube and Bobak used modern software to make a series of dynamic simulations of a cycloidal speed reducer, which were then used to analyse contact forces and Von Mises stresses on its vital elements [20, 21] . Hsieh used the SolidWorks COSMOS software to analyse the velocity of the output shaft as a function of the rotational angle of the input shaft [22] [23] [24] . He also studied the stress on the cycloidal speed reducer elements as a function of the rotational angle of the input shaft. [19] A two-stage cycloidal speed reducer of a new design concept ( Fig. 1 ) was developed and presented in the papers [19, 25] . While the cycloidal speed reducer of a traditional concept engages two cycloid discs mutually turned by an angle of 180° (in order to balance the dynamic forces) for each stage, the newly developed cycloidal speed reducer uses only one cycloid disc for each stage (with cycloid discs of both stages also mutually turned by 180°). This way the size of the cycloidal speed reducer is significantly decreased which has positive effects on its compactness.
It is very difficult if not impossible to define a dynamical model of a cycloidal speed reducer that will simulate its dynamic behaviour adequately. Traditionally designed cycloidal speed reducers (with two cycloid discs per stage) are well known for their dynamic stability. In this paper, the known dynamic models of involute gear trains with internal and external gearing [1] [2] [3] were used to develop a dynamic model of a two-stage cycloidal speed reducer of a new design concept [19] . In fact, separate dynamical models were developed for both stages and their dynamic stability was analysed by varying values of some parameters. gear trains is one of the most important fields of study, especially when gear trains are used in automotive and navy industries.
Lagrange's equations have been used for mathematical interpretation of dynamic behaviour of the cycloidal speed reducer. In a general case, they have the following form:
where: E k -kinetic energy, E p -potential energy, Φ -dissipation function, q i -generalized coordinates,
In a matrix form, the differential displacement equation can be written as:
where: М -mass matrix, B -damping matrix, C -stiffness matrix, {Q} -generalized forces vector, { q  } -generalized acceleration vector, { q  } -generalized velocity vector, {q} -generalized movement vector. A change in the number of teeth pairs of the cycloid disc and the ring gear rollers that mesh simultaneously and transfer the load causes a change in the size of the total deformation at the contact w(t), in the stiffness per unit width of the cycloid disc tooth c(t) and in the normal excitation contact force F n (t). The change in the contact excitation force in time is the major source of the forced cycloid disc vibrations whose basic frequency equals the excitation force frequency. The character of free vibrations caused by collisions of the cycloid disc teeth and the ring gear at their entry into meshing can be very different.
In this paper, it has been assumed [26] [27] [28] that the normal excitation contact force of the system Fn(t) changes proportionally to the change in deformation of the meshing teeth and that the stiffness equals the average constant stiffness c=const.
Thus, the excitation force F n (t) is calculated based on the expression:
where: F n (t) -excitation force, c -stiffness, w(t) -total deformation at the contact, b -cycloid disc width. During the cycloidal speed reducer operation, the total force at the flanks of the meshing teeth of the cycloid disc and the ring gear rollers is the result of the force F n (t) as well as the influence of the elastic dynamic contact force 
where: x -total displacement at the contact of the cycloid disc teeth and the ring gear roller, x  -corresponding velocity, k -damping coefficient at the contact of the cycloid disc teeth and the ring gear roller. Fig. 2 shows the dynamic model of the first stage of the two-stage cycloidal speed reducer of a new design concept. The structure of the first stage is the same as the structure of the one-stage cycloidal speed reducer of a traditional design concept, the only difference being that instead of two only one cycloid disc is used. This system has six degrees of displacement freedom (three rotations and three translations).
DYNAMIC MODEL OF THE FIRST STAGE
The geometrical values from Fig. 2 are given in Tab The contacts between the elements of the cycloidal speed reducer are described in the following way: As already pointed out, the system excitation force F n (t) acts at the contact of the cycloid disc teeth and the ring gear roller. Fig. 2 shows that the total displacement x at the contact of the cycloid disc teeth and the ring gear roller is a connection between the cycloid disc rotation δ 2 and its translation y 2 , and that it can be expressed as: 2 2 2 x r y δ = +
The kinetic energy of the first stage is:
The potential energy is: 
The dissipation function is: 
The conservative forces virtual work is:
The differential displacement equation system of the first stage has the following form: 
With the presented dynamic model of the first stage, mesh stiffness and the excitation force are time-varying functions. However, in order to simplify the analysis, this stiffneses are assumed to be constant and to have average values, while the excitation force remains time-varying function: 
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The difference between the first and the second stage is that in the second stage the ring gear is not stationary; it revolves around its own axis. It further means that this system has eight degrees of displacement freedom (four rotations and four translations). In this case, the excitation force Fn(t) acts at the contact of the cycloid disc teeth and the ring gear roller. Fig. 3 shows the dynamic model of the second stage. As seen in Fig. 3 , the total displacement x at the contact of the cycloid disc teeth and the ring gear roller can be expressed as: x r y r y
The kinetic energy of the second stage is: 
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SOLUTION OF THE DISPLACEMENT EQUATIONS
This paper analyses dynamic behaviour of the twostage cycloidal speed reducer of a new design concept with the following parameters: Calculation of the total deformation at the contact point of the cycloid disc teeth and the corresponding ring gear roller w(t) is made based on Prof. Lixing's recommendations [29] . 
Systems of differential displacement equations of the first and second stage of the two-stage cycloidal speed reducer are solved in the Matlab -Simulink program package by an iterative procedure, assuming that, in the first iteration, the cycloid disc tooth is exposed only to the action of the force F n (t). Masses and inertia moments of the cycloidal speed reducer elements are given in Tab. 1 .
The values of the stiffness and damping coefficients were adopted as given in Tab. 2, [26] [27] [28] .
RESULTS AND DISCUSSION
In a theoretical case, half of the cycloid disc teeth take part in the load transfer so the specific load per one cycloid disc tooth is significantly less than in conventional cycloidal reducers with involute gears.This is considered as one of the greatest advantages of the cycloidal speed reducer. However, in practice, due to the clearances between the cycloid disc teeth and the ring gear rollers, the number of cycloid disc teeth in simultaneous contact is slightly smaller.
In this paper it has been assumed that two cycloid disc teeth simultaneously take part in the load transfer.
As part of this study, different values of stiffness and damping coefficients were used to make numerous simulations of the cycloidal speed reducer dynamic behaviour in the Matlab -Simulink software. Some of the results are presented here.
Solutions of the displacement differential equations of the first and second stage of the two-stage cycloidal speed reducer of a new design concept (equations 18 and 26) obtained in the Matlab -Simulink software for the recommended values of the stiffness and damping coefficients (Tab. 2) are given in Fig. 4 (the first stage) and Fig. 5 (the second stage) .
Having carefully analysed the obtained results (Figs. 4a and 5a) it can be concluded that the maximum values of the normal excitation contact forces Fn(t) on cycloid discs of the first and second stage are very similar (F n1 (t) =1848 N, F n2 (t) =2068.7 N) and that their diagrams are alike.
Furthermore, analysis of the diagrams of elastic dynamic contact forces (Figs. 4d and 5d ) has pointed out two components. The first one comes from the normal excitation contact force F n (t) while the second one is the result of the system's own oscillations. The latter component is particularly prominent at the beginning of the meshing of the cycloid disc and the ring gear rollers. Later, the system's own vibrations decrease but they do not cease completely.
Comparison of the diagrams of elastic dynamic contact forces (Figs. 4d and 5d ) reveals certain analogy, namely, the dynamic behaviour of the cycloid disc of the second stage is very similar to the behaviour of the cycloid disc of the first stage (except for the fact that own vibrations are slightly more prominent in the first stage). From the aspect of the cycloid disc load and taking into consideration that these cycloid discs are mutually turned by an angle of 180°, it can be concluded that the cycloidal speed reducer is dynamically well balanced and stable. The mesh stiffness of the cycloid disc and the ring gear (c 02 ) has the greatest effect on the elastic dynamic contact force as well as on the resulting displacement and velocity.
The influence of the stiffness c 02 on the diagram of the elastic dynamic contact force for the first stage is shown in Fig. 6 . For the second stage, the situation is very similar. If for the stiffness c 02 , the recommended value of c 02 = 1.5×10 7 N/m is adopted, the diagram of the elastic dynamic contact force quickly becomes almost identical to the diagram of the normal excitation force. The similar will happen if the c 02 = 1.2×10 7 N/m is adopted, with small improvements in vibrations lowering at the beginning. When the stiffness values are above the recommended range, the diagram of the elastic dynamic contact force differs significantly from the diagram of the excitation force and the influence of own vibrations is much more prominent.
CONCLUSIONS
This paper analyses dynamic behaviour of the twostage cycloidal speed reducer of a new design concept, in which only one cycloid disc is used for each stage. Based on the known dynamic models of train gears with external and internal gearing, independent dynamic models of the first and second stage have been developed in this paper. The differential displacement equations of the two-stage cycloidal speed reducer of a new design concept have been solved using the Matlab-Simulink software, which enabled the analysis of the influence of certain parameters on dynamic behaviour of the cycloidal speed reducer.
Investigations conducted in this paper have unambiguously shown that the mesh stiffness of the cycloid disc and the stationary ring gear c02 has the greatest influence on the output results. If the values of c 02 are above the recommended range it has a big impact on vibrations, while in opposite case a small improvements are noticeable.
When the adopted parameter values of the differential displacement equations are within the recommended range, it can be said with great certainty that the presented twostage cycloidal speed reducer has good dynamic properties and that the new, much more compact design does not affect the dynamic balance exhibited by the old concept model.
The values of elastic dynamic contact forces obtained for different loads are valuable input parameters for analysis of the stress-strain status of vital elements of the two-stage cycloidal speed reducer, which will certainly be the subject of our further investigations.
